Introduction
Let X be an equidimensional complete subscheme of P| of dimension one. -Y will be called a curve throughout this paper. Let J be the sheaf of ideals of A' and /: = 0 H°(PJ, <5(v))C# : = k[_x lf x z , X B , x 4 ]. We know a kind of general structure theorem for the ideal / and its free resolution [1] , which enables us to enter into a detailed study of some special classes of curves. As a first attempt, we investigate arithmetically Buchsbaum curves, which are characterized by the following property [13] :
Hi(c5) := 0 ffCPI, JM) is annihilated by m :=(x lt A-, .v . xJR . yez When Hi(<5)=0, the curve is arithmetically Cohen-Macaulay and Is studied thoroughly in [9] . So our concern is centered on the case where Hi(J)^0 and mHi(c?)=0. We give structure theorems for the ideal I and for the free resolution of the ^-module H*(# x ) : -0 H°(P1, O x (^\ then use them to consider small v^O deformations in P| of those curves.
Let us explain the content of each section. Section 1. The results of [1 ; Section 3] are sometimes inconvenient, because it involves unnecessary procedure, that is, we have to take beforehand an ideal / such that R/J is Cohen-Macaulay. We give up this procedure and make simple modification of [1; Proposition 3.1] to define a numerical invariant "basic sequence" of an arbitrary homogeneous ideal IdR such that dim R/I-2 and depth m /?//^l (Proposition 1.3, Definition 1.4), which extend "caractere numerique" of [9] . It is a sequence of integers (a; v lr ••-, v a ', v a +i, '" -^c+&) consisting of the degrees of the special generators of /. Section 2. The structure of the module Hi(<5) is important in every case, and we mentioned the relations between the matrix l z (see [1 ; Section 3] 
) and
). In particular, we find that (v a +i, •", ^a+&) a part of the basic sequence of / reflects a certain property of H^(J) (Proposition 2.4). Then the free resolution for HJ(C>A-' is computed as an 7?-module in a simple case (Proposition 2.8 and 2.9).
Section 3. With the use of the results of Sections one and two we reach a structure theorem for the ideals defining arithmetically Buchsbaum curves in Pf. This theorem is stated in the language of Proposition 1.3 (Theorems 3.1, 3. 3 Section 4. We know [14; (2.6) Theorem] that, for an arbitrary /^-module M of finite length, there exists a nonsingular irreducible curve X such that E^(J)=M up to a shift in grading. But the basic sequences or the detailed structure of such curves is not known in general. In view of this we prove the existence of integral arithmetically Buchsbaum curves with a special basic sequence (a; n, •••, n m , n, •-, n) for arbitrary a, b, n satisfy ing n^a^2b (Theorem   a  6 4.4), to supply manageable examples of arithmetically Buchsbaum curves. They are, however, not in general verified to be nonsingular as yet (see Remark 4.10). Section 5. Finally, applying the results of the previous sections, we try to find irreducible components of Hilb (Pf) whose general points correspond to arithmetically Buchsbaum curves. It consists of computing flat deformations of the ring R/I and of the /^-module H*(#, Y ), so that the cases which cannot be treated by this method are left as problems. These irreducible components are expressed in terms of the basic sequences of the curves corresponding to the general points of them (Theorem 5.11).
) a^2b t that is, the minimal degree of the surfaces containing X is larger than or equal iu 2-dim R / m H*(<3)
.
Notation
1. k denotes an infinite field with arbitrary characteristic except in Section four.
2. Let A be a commutative ring and x lf x 2 , x s , x 4 indeterminates over A. We set ) = A[x 2 , x, } x J , 3. Let U be an arbitrary matrix. We denote by U( - For a coherent sheaf of modules EF on PI we will often write Hi (PI, 2") or Hi(9") to denote the graded module 0 H*(PI, ffM). 
. The formulae (3), (4) and (5) In this paper we mean by a curve an equidimensional complete scheme over a field k of dimension one. Let X be a curve in Pf and <S its sheaf of ideals. Set /=H£(PI, J)cfl. Then dim J?//=2, depth,,, J?//^ 1 and the basic sequence of / is defined, which we call the basic sequence of X. Let X*, h be as in A. P. Rao in [14] and E. Sernesi in [11] both describe a connection between the free resolution of the module Hi(P*, 3) and that of R/I itself. We will discuss the same subject in the spirit of [1; Section 2]. i Let M be a graded module over R with finite length and let yj= S a lj x l ( _/=3, 4) be two elements of R l algebraically independent over k, where (a 0 )e& 8 .
M is then an S: = k[_y^ 3' J -module of finite length and has a free resolution of length two ], so taking the duals of (2.1.2) we get a free resolution of Hom^(M, k) : 
by Proposition 1.2, and the long exact sequences arising from this yield the exact sequence
We get by this and Serre's duality a resolution
Let us look into Im*(%) in detail (see Notation 5) . c £7 3 -*i! 6 , ^5-JC 2 1&, £^T 4 and *t/2i take their entries in k (2) , and *£/!-^il a , *^2 take their entries in We have therefore by [1; Remark 4. We finally obtain by (2.3.1) and (2.3.5)
as & (2) shows that r=b and £ 2 =£ 2 up to a permutation. The last assertion is then obvious.
Q.E.D.
With the use of this proposition and Lemma 2.2, we can determine v 2 of the basic sequence of a given curve, if the structure of the module Hi(J) is known well. Now let us proceed to a description of the free resolution for H^(O X }. We can treat of this subject minutely only in a special case, and later a restriction will be imposed on the structure of the module Hi(J). Suppose the homogeneous coordinates are chosen sufficiently general so that Proposition 1. 3)) and we will always take them from N E in our consideration. We have thus (2.5.6) and the columns of for l^j^2p+q We will now look into lm R (0 f ), first without regard to the degrees of polynomials, and then taking the degrees into account. Set (2.5.7)
Consider the exact sequence of £(2)-modules 3 , x^N E for l^j^b (see Proposition 1.3.1)). The image of f (/a+j, 0) through the map (2.5.9) is zero by this fact, so H/a+j, 0) is zero in Q/P®k for l^j^b. Furthermore we see by (2.5.7) that Q/P is generated over R by the columns of cr / (2) , and the formula (2.5.5) and Proposition 1.2.3) imply that this Q/P is in fact generated over k (2) by the columns of d / (2) . Consequently by Nakayama's lemma the columns of H generate Q/P over k (2) . Since the sequence (2.5.1) is a minimal free resolution by assumption, any column of H is not a linear combination of other columns over k (2) (l^j^W are linearly independent over k (2) and that deg/a+j=y 0+J =deg/o+j (1^'^W by (2.5.11), (2.5.1) and (2.5.6). Consequently the sum 2/^(2) is a > direct sum ©fi+ 3 k(2) and coincides with ®/ 0 +^(2).
In the following we impose a restriction on the structure of the module Hi(J). That is, we will assume from now on that V 1} V 2 defined by (2.5.3) take the simplest form 
and denote the columns of a l by u r (0^j^a+2/>+g). Then by 2. ( 2) Proof. Let r' be the matrix defined by (2.9.1) and t one of its columns.
Since where Z 3 (resp. Z 4 ) is a qX(a~\-p') (resp. bx(a+p)) matrix with entries in k(Y) (resp. £ (2)). Thus the formula (2.9.1) follows. Q.E.D.
We summarise below some results used in section five, most of which are found in [11 ; Sections 3 and 4] or elsewhere. For a matrix U of polynomials of R we will denote by /(£/) the ideal generated by the rXr minors of U where r is the rank of U. Let X, 3 and / be as in the beginning of this section and let 
Proof. Formulae (2.11.1)-2) are deduced from the long exact sequences arising from (2.10.4) and (2.10.5).
§3. Structure Theorem for the Ideals Defining Arithmetically Buchsbaum Curves in P|]
Let ZcPI be a curve with the property mHi(J) = mHiCR//)=0, where <3 and / denote the sheaf of ideals of X and H$(J) respectively. We know that the ring R/I is Buchsbaum for such a curve (see for example [12; Korollar 1.2.3 or Korollar 4.1.3]), and in this case X is called an arithmetically Buchsbaum curve. We will give a structure theorem for these curves in the language of our Proposition 1.3. For an arithmetically Buchsbaum curve X we set i(X)=-dim B/m Hi(J) (see [5; p. 11]), and we denote by %A the number of elements of a finite set A. In the following we abbreviate 'arithmetically Buchsbaum' to 'a.B.'. Put n-a+l=e and let ^ (l^/^6), w, z 1 , M; be parameters.
Corollary 3.3. Le^ the notation be as in the previous theorem and suppose X is a.B.. Then there exists a matrix L^GL(a+b, k(2)) of homogeneous polynomials such that for (f(, ••• , f' a +b) = (fi,
(4.3.1) When b^2 we set
; .
• M^JCg 
Theorem 4.4. Suppose k is an algebraically closed field of characteristic zero. In the notation above, there exists a Zarisky open set Ddt such that for every point s^D, n~l(s) is an integral a. B. curve with short basic sequence (a;n, ••• , n] n, ••• , n). a-2b
The proof is divided into several lemmas. We give its full detail only in the case b^2, leaving the proof for the case b=l to the interested reader. Put 
Lemma 4.6. Any irreducible component of n~l(s) is not contained in H and --l (s)r\H=K~l(s}r\L for every
Proof. If *2= 0, then f Q (x 1} 0, x 3 , x^)-xl for a point seDj, so that all points of n~l(s}r\H must be contained in L. But LHTT'^S) has its dimension less than one for s^D ± by the previous lemma. Consequently any irreducible component of TT-^S) cannot lie in H for se^.
Q.E.D. 
Claim, i) 0 A /ZGS no jted components and its base locus is L.
ii) dim (?> 1 (Pi)^2.
Proof of i).
The equations M a1^f =M aĩ mply ^i=^2=0.
Proof of ii).
Put Zi=x t /x 2 for z'=l, 3, 4, and consider the map (^ restricted on Pl\//=Spec (Pi : A! -> Pi is given by from which follows immediately dim $i(PI)^2.
We can therefore conclude that Proj R/f Q R is an irreducible surface with singularity L by Bertini's theorem (see [15; Theorem 4 .21] for example).
Q.E.D. Let Y denote the hyper surf ace of P| defined by the equation / 0 =0 where / 0 is the polynomial determined by l z corresponding to the point s'. We then consider fi corresponding to the point s'+Ui, t z , t s , 0, •••, 0)eT with parameters t lt t z , t^. Note that /" is independent of t lt t z , t s .
Lemma 4.9. Under the notation above the affine curve Y\H is irreducible and nonsingular for a general (t lt t z , t^t
Proof. By a direct computation Q.E.D.
Remark 4.10. Since T is a thin subspace of S(a; m, n), it may well be hoped that the curves K~I(S) for s^S(a; in, n) general are nonsingular and irreducible, however we have not confirmed it as yet. B. by [5] and its short basic sequence is (2; -; 2n+l). It therefore coincides with TT~I(S) for a certain point seS(2; -; 2n+l). We have Jf* cl 'j = /f(<7 cl) ), J(r)=J(r) and check easily tf (1) r=0, so that a where /*=(-!)* detl 8 Our next problem is whether (a ; m ; n) satisfying the conditions of this theorem actually represents an irreducible component of Hilb(P|) or not. In any case an a. B. curve with short basic sequence (a ; in ; n) exists by Lemma 4.2, though it may not be even reduced. And if n i+1 =ni or n i+1 -w* ^3 for every l<;z'<^-1, we can prove that the conditions of Theorem 5.7 are indeed sufficient for (a; m ; n) to represent an irreducible component of Hilb(PI). In other cases we do not have any answers yet.
To describe the answer in the case mentioned just now we need some lemmas. They may be found somewhere in the literature available, nevertheless we give the proofs for the convenience of the reader. Proof. We take a tensor product of (5. Remark 5.12. In the case where n M =ni or n l+ i-~ n^3 for every l^/^5 -1, the conditions of Theorem 5.7 reduce to those of the present theorem.
Proof of Theorem 5.11. Let X be an a. B. curve with short basic sequence (a; m\ n\ J its sheaf of ideals and /=H£(c£)C#. We can write Proof. The first half is clear by Theorems 5.7 and 5.11. We see by Theorem 5.11 (n-1; n-1, n-1, n-1, n, ••-, n; n, ••• , n) indeed represents an n^2^2 T^T irreducible component of Hilb(PI). The detail of the proof of the latter half is left to the reader.
Remark 5.13. In the case where n i+ i=ni+2 for some l^i^b, the methods we have developped so far may not be applicable. The crucial point is that we cannot tell in advance whether or not an arbitrary flat deformation of X in P| comes from a flat deformation either of the ring #/H|(J) or of the module H*(#x), if n i+l =ni+2 for some i.
